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We suggest a technique to amplify a train of attosecond pulses, produced by high-harmonic generation 
(HHG) of an infrared (IR) laser field, in an active medium of a plasma-based X-ray laser. This tech-
nique is based on modulation of transition frequency of the X-ray laser by the same IR field, as used 
to generate the harmonics, via linear Stark effect, which results in redistribution of the resonant gain 
and simultaneous amplification of a wide set of harmonics in the incident field. We propose an expe-
rimental implementation of the suggested technique in active medium of C
5+
 ions at wavelength 
3.4 nm in the "water window" range and show the possibility to amplify by two orders of magnitude a 
train of attosecond pulses with pulse duration down to 100 as. We show also a possibility to isolate a 
single attosecond pulse from the incident attosecond pulse train during its amplification in optically 
deep modulated medium. 
 
Ultrashort coherent X-ray pulses provide a unique combination of record-high spatial and 
temporal resolution, which finds numerous applications, ranging from dynamical imaging of na-
nostructured materials and controlling chemical reactions to manipulation of absorption and io-
nization properties of atoms on a sub-fs time scale [1-20]. One of the most promising applica-
tions of such pulses is an ultrafast imaging of large biological molecules, in particular, proteins. 
It requires sub-fs pulses containing relatively large number of photons with a carrier frequency in 
the so-called water window (4.4-2.3 nm– between K-shell absorption edges of carbon and oxy-
gen). The pulses with down to tens of attosecond duration can be produced via high harmonic 
generation (HHG) of an IR laser field [19-28]. However, in the "water window" range these 
pulses contain a relatively small number of photons, corresponding to the energies not exceeding 
few pJ (although much higher energies of sub-fs waveforms can be achieved at longer wave-
lengths using different schemes [29-32]). 
In this work, we suggest a technique for amplification of a train of attosecond pulses, pro-
duced by HHG, in active medium of a plasma-based X-ray laser [33-42] in the presence of a 
strong co-propagating IR laser field. An amplification of a single high-order harmonic by the 
plasma-based X-ray laser has been widely studied before [36-38, 40-42]. But narrow linewidths 
of X-ray lasers did not allow for joint amplification of several harmonics. However, in the pres-
ence of a strong IR field, the frequency of transition of the X-ray laser becomes modulated with 
the period equal to a half-cycle of the optical field [43]. As shown below, in such a case the ac-
tive medium amplifies X-ray radiation not only at the resonant frequency, but also at its multiple 
sidebands separated by twice the frequency of the modulating field. 
Suppose the train of X-ray pulses has the carrier frequency equal to the time-averaged fre-
quency of the modulated transition and its spectrum consists of a set of harmonics separated by 
doubled frequency of the modulating field. Experimentally, such a situation could be achieved if 
replicas of the same IR field are used for HHG and for modulation of the active medium. In this 
scenario, various spectral components of the incident X-ray field might be jointly amplified dur-
ing their propagation through the medium. In the case of sufficiently dense plasma, considered in 
this paper, the length of coherent interaction between the IR and X-ray fields is much shorter 
than the amplification length of the X-ray field, which effectively eliminates scattering of the 
harmonics into each other. As shown below, with the proper choice of parameters of the mod-
ulating field (its amplitude and frequency), it allows amplifying attosecond pulses preserving 
their spectral and temporal structure. 
Let us consider amplification of a set of high-order harmonics in an active medium of a 
plasma-based X-ray laser with a population inversion at the transition between the ground and 
the first excited energy levels of hydrogen-like ions, n=1↔n=2 (where n is the principal quantum 
number), simultaneously irradiated by the co-propagating IR laser field of the fundamental fre-
quency. If the harmonic of order 2k+1 is tuned in resonance with the inverted transition, that is 
2 1k tr   , then the frequency of any other harmonic of order 2(k+l)+1 can be represented as 
2( ) 1 2k l tr l      , (1) 
where   is the laser frequency, l is an integer number, 
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 is the fre-
quency of the resonant transition accounting for the quadratic Stark effect [44], EC is the laser 
field strength, 
2 5 4 95.14 10A eE m e V cm    is the atomic unit of electric field, e and em  are 
charge and mass of electron, respectively,   is Planck's constant, and Z is nucleus charge number 
of the ions. Based on Eq. (1), for the sake of conciseness we will call harmonic order 2(k+l)+1 as 
"2l-th" harmonic. 
In order to gain an insight into the process of high-harmonic amplification, we derive an 
analytical solution for an output X-ray field assuming that the population difference at the reso-
nant transition is constant, so that the amplification of the harmonics occurs in linear regime. We 
also assume that the IR pulse duration used for both HHG and modulation of the active medium 
is sufficiently long, so that it can be represented as  0( , ) cosIR C plE x t z E t xn c  
 
, where x-
axis is the propagation direction, 0z

 is a unit polarization vector along z-axis, c is the speed of 
light in vacuum, and npl is the plasma refractive index for the IR field. The incident X-ray field, 
comprising the set of harmonics ranging from 2(k-lmin)+1 to 2(k+lmax)+1, for the sake of analyti-
cal study is presented in the form:
 
 
    
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2( ) 1
0
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( 0, ) exp 2 c.c.
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k l
X ray inc tr
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E x z E i l   
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, (2) 
where 
 2( ) 1k l
incE
 
 is a complex amplitude of harmonic, t x c    is the local time, and c.c. stands 
for complex conjugation. Since the harmonics have the same z-polarization as the modulating IR 
field, amplification of the harmonics can be described within the three-level approximation, tak-
ing into account the two excited states dressed by an IR field: |2=(|2s+|2p,m=0)/√2, and 
|3=(|2s-|2p,m=0)/√2, as well as the ground state |1=|1s [43, 45]. If the population differences 
between the states |1, |2 and |3 remain constant and a phase shift acquired by the IR field due 
to plasma dispersion at the length of the medium is much larger than π, then (as it is discussed in 
Supplemental Materials, see Eqs. (S1)-(S12)) the harmonics scattering into each other is strongly 
suppressed so that each harmonic propagates through the medium independently from the others, 
and the output X-ray field acquires a simple form 
      
max
min
2( ) 1 2
0 2
1
( , ) exp ( ) exp 2 c.c.
2
l
k l
X ray inc total l tr
l l
E x z E g J p x i l  
 


    
 
, (3) 
where 
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 is the amplification coefficient for the resonant X-ray field in the 
absence of linear Stark effect, 22 11 33 11trn         is population difference at the transitions 
|2↔|1 and |3↔|1, trd  and tr  are the absolute value of dipole moment and the decoherence 
rate at these transitions, ionN  is density of the resonant ions, ( )тJ х  is Bessel function of the first 
kind of order m, p     is the modulation index, and 
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 is amplitude of linear 
Stark shift induced by the modulating optical field. 
As follows from Eq. (3), irradiation of the active medium of X-ray laser by the modulating 
field results in appearance of a gain for the X-ray field at the frequencies of harmonics, 
2tr l   , 1, 2,...l    , at the cost of reduced gain at the central frequency tr , see Fig. 1(a),(b). 
Since (i) each spectral component of the incident X-ray field is amplified independently from the 
others, (ii) the resonant interaction with the ions does not change the phases of harmonics, and 
(iii) the plasma dispersion for the X-ray field is negligible, the relative phases of harmonics re-
main constant during propagation through the medium. Thus, if each harmonic experiences the 
same gain, then the incident field (2) will preserve its temporal shape during the amplification. 
The gain for "2l-th" harmonic is proportional to the squared Bessel function 
2
2 ( )lJ p  of 
order 2l of the modulation index p . As follows from Fig. 1(c), the magnitudes of several Bessel 
functions of even orders are approximately equal at some particular values of the modulation in-
dex. For example, for 6.4p   one has 
2
0 ( ) 0.059J p  , 
2
2 ( ) 0.090J p  , 
2
4 ( ) 0.087J p  , and 
2
6 ( ) 0.084J p  . Thus, the IR field providing such value of the modulation index allows for 
nearly uniform amplification of "0-th", "±2-nd", "±4-th", and "±6-th" harmonics. A number of 
harmonics which can be amplified increases with increasing p  and is approximately equal to 
1p  . Particularly, the values 10p  , 13.4p  , 16.1p  , and 19.4p   are suitable for 
amplification of 11, 15, 17, and 21 high-order harmonics of the modulating field, respectively. 
However, with increasing value of the modulation index the gain, 
2
2 ( )total lg J p , averaged over 
the harmonic order, 2l, decreases as 1 p , while the differences between the amplification coef-
ficients of neighboring harmonics grow (see Fig. 1(c) and Fig. S1, Fig. S6 in Supplemental Ma-
terials). 
The analytical theory of the linear amplification regime in the framework of the three-level 
model allows understanding some general aspects of the high-harmonic amplification. However, 
in order to perform a quantitative analysis, one needs to take into account two additional degene-
rate upper states |4=|2p,m=1 and |5=|2p,m=-1, leading to generation of y-polarized amplified 
spontaneous emission (ASE), and variation of the population differences at all the involved tran-
sitions. This more general 5-level nonlinear model is described in Supplemental Materials (see 
Eqs. (S13)-(S16) and corresponding discussion). Here we present the results of calculations. Let 
us consider neutral plasma consisting of C
5+
 ions, electrons, and some other ions (for example, 
H
+
, to maintain electric neutrality) with C
5+
 ion density 
19 310ionN cm
  and electron density
15el ionN N . Lasing in inverted plasma with such parameters has being theoretically studied [39, 
46] and is under experimental investigation in the group of Prof. Szymon Suckewer at Princeton 
University, USA. As the modulating field and a source of the incident high-harmonic signal let 
us consider 2.1 μm mid-infrared laser radiation, which is particularly suitable for HHG in the 
"water window" [24]. Let us study the case 6.4p   and consider amplification of the harmon-
ics of this laser field with orders ranging from 617 to 629, which are "0-th", "±2-nd", "±4-ht", 
and "±6-th" harmonics with respect to the resonant transition. The value 6.4p   corresponds to 
intensity of the modulating field 
15 22.7 10CI W cm  . In order to tune "0-th" harmonic (of or-
der 623) in exact resonance with the transitions |2,|3↔|1, the laser wavelength should be 
2102.9С nm  . For the numerical study, an incident X-ray field is assumed to be a train of atto-
second pulses with Gaussian envelope centered at peakt  and the duration (the full width at half 
maximum of intensity) 1 2t : 
     max
max
2
2
0 1 2
1
( , 0) exp 2ln2 exp 2 c.c.
2
l l
z hh peak tr
l l
E t x z E t t t i l t


       

, (4) 
where lmax=3. Eq. (4) implies that the incident harmonics are phase synchronized and have iden-
tical amplitudes. As initial conditions, we assume that at 0   all the ions are excited to the 
states |2-|5 with equal probability, while spontaneous emission at the inverted transitions is tak-
en into account via the randomly distributed along the medium initial values of quantum cohe-
rencies following the approach developed by Gross and Haroche [47] (see the Supplemental Ma-
terials). 
The time-dependencies of intensities of (i) z-polarized amplified attosecond pulse train and 
(ii) y-polarized ASE at the output from a plasma channel with length 1L mm  and radius 
1R m  are shown in Fig. 2. The panels (a), (b), and (c) correspond to different peak intensi-
ties,  
2 2
0 max2 1
8
hh
c
I l E

  , of the incident field, namely 
13 2
0 10I W cm  (a), 
12 2
0 10I W cm  
(b), and 
11 2
0 10I W cm  (c). Fig. 2 is plotted for 10peakt fs  and 1 2 35t fs , which means that 
the incident attosecond pulse train (4) reaches the peak amplitude 10 fs after creation of the pop-
ulation inversion by a pumping laser pulse at 0  . In such a case, the incident z-polarized X-
ray field has a nonzero value of the slowly-varying amplitude at 0  , which facilitates its am-
plification before the development of y-polarized ASE (the influence of peakt  on the amplifica-
tion process is discussed in Supplemental Materials, see Figs. S2-S4). The role of ASE depends 
on the peak intensity of the incident X-ray field, I0. If the incident z-polarized field is strong 
enough, Fig. 2(a), then it is amplified and saturates the resonant transitions |2↔|1 and |3↔|1 
before y-polarized ASE becomes substantial. As a result, population from the sates |2 and |3 
drops down to the state |1, reducing population differences at the transitions |4↔|1 and |5↔|1 
and decreasing amplification of ASE. For this reason, in Fig. 2(a) ASE is negligible. However, 
as intensity of the incident X-ray field decreases (see Fig. 3(b),(c)), its amplification takes place 
in a linear regime (without saturation of the resonant transitions), resulting in (i) larger ratio of 
the output intensity to I0, and (ii) stronger ASE, which in this case saturates the transitions 
|4↔|1 and |5↔|1 and thereby reduces population differences at the transitions |2↔|1 and 
|3↔|1 (see Supplemental Materials, Fig. S5, for more details). 
Amplification of shorter pulses is possible with stronger modulating fields. An increase in 
intensity of the modulating field to 
16 22.5 10CI W cm   allows amplification of 140 as pulses, 
produced from 21 high-order harmonics of the laser field with 2.1 μm wavelength (in such a case 
19.4p  ). But the gain decreases with increasing value of the modulation index. Thus, for the 
same parameters of the medium as in Fig. 2 and 
12 2
0 10I W cm the incident X-ray field (4) 
will be amplified only 4.2 times (see Supplemental Materials, Fig. S6, for details). However, if 
the laser frequency, Ω, is increased proportionally to the laser field strength, СE , then the index 
of modulation is constant, and the amplification will be more efficient. This case is illustrated by 
Fig. 3, which corresponds to amplification of seven harmonics (of orders 231-243) of the laser 
field with wavelength 801.53С nm  . The modulating intensity is 
16 21.9 10CI W cm   and 
corresponds to 6.4p  . The parameters of the incident X-ray field are the same as in Fig. 2, 
except for higher Ω; 
13 2
0 10I W cm . If the length of the active medium would be also the 
same, the result of amplification would resemble that in Fig. 2. However, in Fig. 3 the medium 
length is increased to 7L mm . It results in very large optical depth of the medium for the har-
monics, 
2
0 ( ) 22.7totalg J p L  , and thus, in the strong shortening of the attosecond pulse train due 
to predominant amplification of its front edge, which extracts the major part of the energy, stored 
in the population inversion of the medium (see Supplemental Materials, Figs. S7-S9, for the de-
tails). For the considered parameters of the medium, the envelope of the amplified attosecond 
pulse train becomes shorter than the repetition period of the pulses in the train. As a result, the 
active medium isolates a single pulse with 130 as duration, which is amplified to max 0261I I . 
The lower limit for the duration of attosecond pulses which can be amplified is set by the 
upper limit for the intensity of the modulating field, which is determined by the threshold of io-
nization of the resonant ions from the upper lasing states. For the case of C
5+
 ions the acceptable 
peak intensity of the modulating field can be estimated as 
16 23.5 10CI W cm   and corres-
ponds to the ionization time from the states |2 and |3, (2),(3) 60ion fs  . Scaling of the results, 
shown in Fig. 3, for this intensity of the modulating field and 590С nm   leads to duration of 
the amplified isolated attosecond pulse 100pulse as  . 
In conclusion, we have shown the possibility to amplify a set of high-order harmonics of 
an IR laser field in active medium of a hydrogen-like plasma-based X-ray laser, dressed by a rep-
lica of the same field as used for HHG. The amplification occurs due to frequency modulation of 
the lasing transition by the IR field via the linear Stark effect, which results in redistribution of 
the gain to the combinational frequencies separated from the frequency of the resonance by even 
number of frequencies of the IR field. For the specific intensities of the modulating field, nearly 
uniform gain may be provided for the whole set of harmonics. In sufficiently dense plasma, the 
harmonics are amplified independently from each other, so that their relative phases remain con-
stant. Thus, if the incident X-ray field represents an attosecond pulse train, it will keep this form 
during the amplification. We suggest an experimental implementation of this method in active 
medium of C
5+
 ions and show the possibility to amplify by two orders of magnitude the attose-
cond pulses with duration down to 100 as at the carrier wavelength 3.4 nm in the "water win-
dow" range. In optically deep medium, the duration of the amplified attosecond pulse train is re-
duced due to predominant amplification of its front edge. If the optical depth of the medium is 
high enough, the active medium selects a single attosecond pulse, which is amplified much 
stronger than the other pulses from the train. The amplification of a set of harmonics does not 
rely on specific phases of sidebands of the resonant polarization of the medium emerging under 
the action of the modulating field. Thus, in principle, it might be implemented in arbitrary (not 
only hydrogen-like) active medium, if the depth of frequency modulation of the resonant transi-
tion(s) exceeds the frequency of the modulating field. 
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FIG. 1. (Color online) Frequency dependence of the gain for the incident X-ray field with 
(b) and without (a) modulating field. In panel (b) the value of modulation index is pω=6.4; black, 
red, green, blue, and magenta curves correspond to the gain coefficients for "0-th", "±2-nd", "±4-
ht", "±6-th", and "±8-th" sidebands of the inverted transition. Panel (c) shows dependence of the 
squared Bessel functions of even order (from "0-th" to "20-th" order) on the value of modulation 
index, pω. The color reflects the order of Bessel function and is gradually changed from magenta, 
corresponding to J0
2
(pω), to cyan, which corresponds to J20
2
(pω).Vertical dashed lines indicate 
the values of pω, at which the squares of Bessel functions of different orders are comparable to 
each other (compare with panel (b)). 

 
 
FIG. 2. (Color online) Time dependence of intensity of an amplified attosecond pulse train 
of z-polarization (red solid curve) and of an ASE of y-polarization (blue dashed curve) at the 
output from an active medium of C
5+
 hydrogen-like X-ray laser. The length of active medium is 
L=1 mm, the concentration of C
5+
 ions is Nion=10
19
 1/cm
3
. Panels (a), (b), and (c) correspond to 
peak intensities of the incident attosecond pulse train I0=10
13
 W/cm
2
, 10
12
 W/cm
2
, and 
10
11
 W/cm
2
, respectively. 

 
 
FIG. 3. (Color online) A single attosecond pulse in the "water window" spectral range, 
which is produced as a result of amplification of attosecond pulse train, shown in the inset, in an 
active medium of C
5+
 hydrogen-like X-ray laser. Red solid curve is the amplified z-polarized X-
ray signal; blue dashed curve corresponds to the ASE of y-polarization. The length of active me-
dium is L=7 mm, the concentration of C
5+
 ions is Nion=10
19
 1/cm
3
. 
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Abstract: In this supplemental material we derive an analytical solution describing an amplification of the high-
harmonic field in an active medium of a plasma-based X-ray laser in the linear regime within the three-level me-
dium model and constant population inversion approximation. We provide also more detailed numerical study of an 
amplification process in both linear and nonlinear regimes taking into account a saturation effect within the five-
level medium model. 
 
1. Analytical solution describing the linear regime of amplification 
In this section, we consider a transformation of the electric field of the harmonic of order 
2(k+l)+1 in the linear amplification regime (implying that the amplified field is relatively weak, 
so that it does not saturate the resonant transition and the population difference at this transition 
remains constant). 
At the entrance to the medium, an electric field can be represented as 
    2( ) 12( ) 1 0
1
( 0, ) exp 2 c.c.
2
k l
k l inc trE x z E i l  
 
       
 
, (S1) 
where 0z

 is a unit polarization vector along z-axis, 
 2( ) 1k l
incE
 
 is a complex amplitude of harmon-
ic, t x c    is a local time in a reference frame propagating at the speed of light in vacuum, c, 
and c.c. stands for complex conjugation. During its propagation through the medium an electric 
field of "2l-th" harmonic acquires a form 
  2( ) 1 0 2( ) 1
1
( 0, ) ( , )exp 2 c.c.
2
k l k l trE x z E x i l           
 
 , (S2) 
where its slowly-varying amplitude 2( ) 1( , )k lE x  
  is given by 
   2( ) 1 ( )2( ) 1 2( , ) ( )exp 2
k l l
k l inc n
n
E x E e x i n 

 
 

   . (S3) 
If polarization vectors of the harmonics and the modulating laser field coincide, then within the 
approximation of constant population difference at the transition n=1↔n=2, propagation of the 
harmonic field through the medium can be described by the following equations for the three-
level model taking into account the states |1 = |1s, |2 = (|2s + |2p,m=0)/√2, and |3 = (|2s- 
|2p,m=0)/√2 [42]: 
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 (S4) 
where 2( ) 1k lP  
  is slowly-varying amplitude of the resonant polarization of the medium induced 
by the field of "2l-th" harmonic; ionN  is density of the resonant ions; trd  is the absolute value of 
dipole moment of transitions |1↔|2 and |1↔|3; 
( )
21
la  and 
( )
31
la  are slowly-varying amplitudes 
of quantum coherencies 21  and 31 , induced by the field of "2l-th" harmonic;   is amplitude 
of linear Stark shift induced by the modulating optical field; tr  is decoherence rate;
22 11 33 11trn         is population difference at the resonant transitions; and   is Planck's 
constant. Eqs. (S4) take into account plasma dispersion via the parameter 
2
22
pl 

 (where pl  is 
plasma frequency for the modulating field), which characterizes the difference between the phase 
velocity of the laser field in the active medium and in vacuum. 
Let us assume that for each harmonic order 2(k+l)+1 the incident spectral component of the field 
(S2), (S3), dominates the sidebands (as it is shown below, this assumption is valid in the case of 
sufficiently strong plasma dispersion):  
 ( ) ( )0 2( ) ( ) , ,
l l
ne x e x l n x  , (S5) 
Let us further consider the case
 
tr   . (S6) 
The value tr  is determined by the sum of collisional decoherence rate, coll , ionization rate 
from the excited states |2 and |3 induced by modulating laser field, 
(2,3)
ionw , and radiative decay 
rate, Гrad , namely,  (2,3) Г 2tr coll ion radw    . Typically, (2,3)Г ,coll rad ionw  , while 
(2,3) Гion radw  . 
Further, 
4
3
3 e С
A
m e E
Z E
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 is the amplitude of linear Stark effect, EC is the strength of the modulat-
ing field, 2 5 4
A eE m e 
95.14 10 V cm   is the atomic unit of electric field strength, e and em
are charge and mass of electron, respectively, Z is nucleus charge number of the ions. Under the 
above assumptions, solution of Eqs. (S4) for boundary condition 
 2( ) 1
2( ) 1( 0, )
k l
k l incE x E
 
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  
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2 2 ( )l total lg g J p
 
(S9) 
In these equations, 
24 tr ion tr tr
total
tr
n N d
g
c
 



 is an increment of amplification of the resonant X-ray 
field at the frequency 
tr  without linear Stark effect, ( )тJ х  is Bessel function of the first kind of 
order m, p     is the modulation index, and 2
2 ( )
l
total lg J p c



  is a dimensionless para-
meter, which can be represented as 
( )l
amp
l
coh
L
L
  , where ( )
2
2
1
( )
l
amp
total l
L
g J p
  is the amplification 
length of "2l-th" harmonic and 
2
2coh C
pl
L 


  is the coherence length, i.e. the length of coherent 
interaction between the high-harmonic field and the modulating optical field (the length at which 
a phase shift of π is acquired by an IR field (with respect to an X-ray field) due to the plasma 
dispersion in an active medium), C is the wavelength of the modulating field. 
If the incident X-ray field consists of several high-order harmonics of orders ranging from 
2(k-lmin)+1 to 2(k+lmax)+1,
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2( ) 1
0 2( ) 1
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( 0, ) exp c.c.
2
l
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X ray inc k l
l l
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   
 
, (S10) 
then, within the approximation of fixed population differences at the transitions |1↔|2 and 
|1↔|3, each harmonic will propagate through the medium independently of the others, being 
amplified and generating sidebands at the frequencies of other harmonics in accordance with 
Eqs. (S2), (S3), and (S7)-(S9). In such a case, the X-ray field within the medium takes a form 
     
max
min
2( ) 1 ( )
0 2
1
( , ) ( )exp 2 c.c.
2
l
k l l
X ray inc n tr
l l n
E x z E e x i l n  

 

 
      
 
 (S11) 
In order to amplify a large number of harmonics, one needs to have appreciably nonzero values 
of 2lg  for various l, see Eq. (S9). This requires a large value of the modulation index p , which 
can be achieved either via increasing EC, or via reducing  . As it follows from Eq. (S8), in the 
case of sufficiently strong plasma dispersion, which corresponds to 1l  , rescattering of har-
monics into each other is negligible, ( ) ( )
2 0( ) ( )
l l
ne x e x , which justifies Eq. (S5). In such a case 
      
max
min
2( ) 1
0 2
1
( , ) exp exp 2 c.c.
2
l
k l
X ray inc l tr
l l
E x z E g x i l   

    
 
 (S12) 
As follows from Eqs. (S9) and (S12), the amplification coefficient of "2l-th" harmonic is propor-
tional to the squared Bessel function of order 2l of modulation index p , 
2
2 ( )lJ p ; each harmon-
ic of the incident X-ray field is amplified independently of the others, and relative phases of 
harmonics remain constant during their propagation through the medium. In particular, if at the 
entrance to the medium the harmonics (S10) are phase-aligned and correspond to a train of atto-
second pulses, these pulses will be amplified as a whole. 
A number of harmonics which can be simultaneously amplified increases with increasing 
value of the modulation index p  (since for a larger argument more Bessel functions have ap-
preciably nonzero values). Particularly, the values 6.4p  , 10p  , 13.4p  , 16.1p  , and 
19.4p   are suitable for amplification of harmonics with even numbers ranging from "-6-th" to 
"6-th", from "-10-th" to "10-th", from "-14-th" to "14-th", from "-16-th" to "16-th", and from 
"-20-th" to "20-th", respectively. Nevertheless, with increasing value of the modulation index, an 
average of the gain coefficient, 2
2 ( )total lg J p , over harmonic number 2l decreases as 1 p , while 
the differences between amplification coefficients corresponding to different numbers 2l grow, 
as it shown in Fig. S1, where we plot 2
2 ( )lJ p  for 6.4p  , 10p  , and 19.4p  . Thus, with 
increasing number of amplified harmonics the amplification becomes less efficient, while distor-
tions of spectrum (and of time dependence) of the amplified X-ray signal grow. 
 
2. Numerical analysis taking into account the nonlinear effects 
In order to verify the predictions of the analytical theory and to describe the nonlinear 
stage of amplification, we perform a numerical study of a more comprehensive model, which 
takes into account a finite duration of the incident X-ray field, variation of population differences 
between the resonant atomic states |1, |2, and |3, as well as influence of the states |4 = 
|2p,m = 1 and |5 = |2p,m = -1, which are coupled to the ground state |1 by y-polarized X-ray 
field (spontaneously emerging in the active medium). This model includes a wave equation for 
the X-ray field consisting of two polarization components, 0 0( , ) ( , ) ( , )X ray z yE x t z E x t y E x t  
 
: 
2 2 2
2 2 2 2 2
1 4X ray X rayE E P
x c t c t
   
 
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  
, (S13) 
as well as a relation between the macroscopic polarization of the medium and the elements of 
density matrix of the resonant ions: 
 12 21 13 31 14 41 15 51( , ) c.c.ionP x t N d d d d       
   
, (S14) 
and equations for the density-matrix elements: 
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(S15) 
where   is Hamiltonian of the ions, i is energy of the "i-th" state (which takes into account 
quadratic Stark shift induced by the modulating optical field), 2 21pl pln     is plasma re-
fraction index for the modulating field, 
2
2 4 e
pl
e
N e
m

  , eN  is density of free electrons, and ij  is 
relaxation rate of the density matrix element ij . As initial conditions, we assume that at 0   
all the ions are excited to the states |2-|5 with equal probability (thus implying excitation by 
running wave of a pump). Spontaneous emission at the transitions |i → |1, i=2,3,4,5, is taken 
into account via introduction of random initial values of quantum coherencies at these transi-
tions, (0)1 1( 0)i i    , following Gross-Haroche approach [47]. Specifically, the medium is 
split into a set of thin slices of the length critl l , where 2 ( ) (0)
8
3
crit ii
tr rad ion ii
c
l
N

 


, ( )ii
rad  is radiative 
lifetime of the state |i, (0) ( 0)ii ii     is initial population of this state, and 2tr trc    is 
wavelength of the resonant X-ray field. The initial values of the quantum coherencies are set in-
dependently in each slice as 1(0)
1, 122
i mji
i m i m
C
A e
N R l


 , where m is a number of slice centered at 
 1 2mx m l  , 2,3 1C    and 4,5C j   are the coefficients, which account for the difference in 
dipole moments of transitions |i → |1 for different values of i; while the amplitude 10 i mA    
and the phase 10 2i m    are random values. The constants 1i mA  and 1i m  satisfy the following 
probability distributions:  
2
1
2
1
1
i m
il
A
N
i m
il
p A e
N

 , where (0) 2il ii ionN N R l   is a number of ions in 
the state |i in the slice number m and R is radius of the plasma channel, and  1 1 2i mp   . As 
an incident z-polarized X-ray field, we consider a train of attosecond pulses with Gaussian 
envelope centered at peakt with duration (the full width at half maximum of intensity) 1 2t : 
     max
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1 2
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Eq. (S16) is identical to Eq. (4) of the paper and implies that at the entrance to the medium all 
the spectral components of the seeding field are phase-aligned and have identical amplitudes. 
As it was mentioned before, z-polarized seeding X-ray field is amplified due to transitions 
from the excited states |2 and |3, dressed by the modulating laser field, to the ground state |1. 
The amplification occurs at multiple frequencies 2 2l tr l    , l=0,±1,±2,..., and the amplifi-
cation coefficient 2
2 ( )l total lg g J p  at each particular frequency, 2l , is 
2
21 ( )nJ p  times smaller 
than the amplification coefficient for z-polarized signal without the modulating field, totalg . At 
the same time, the amplification for y-polarized ASE occurs due to transitions from the states |4 
and |5, which correspond to degenerate energy levels 
4,5 4 5     , to the ground state |1 at 
the frequency 
( )
4,5 1
ASE
tr     (the value of 
( )ASE
tr  differs from tr  because of the difference in 
quadratic Stark shifts of the states |2, |3, and |4, |5). The amplification coefficient for the y-
polarized ASE equals totalg  and thus is several times larger than the amplification coefficients for 
z-polarized harmonics. Therefore, in the linear amplification regime the y-polarized ASE grows 
faster than the z-polarized seeding X-ray field and may extract the major part of the energy, in-
itially stored in the population inversion of the medium. In order to prevent it, the incident X-ray 
field (S16) should deplete population inversion at the transitions |2 ↔ |1 and |3 ↔ |1 thus in-
creasing population of the ground state |1 and reducing (or even preventing) the gain at the tran-
sitions |4 ↔ |1 and |4 ↔ |1 before the y-polarized ASE becomes substantial. For this purpose 
the incident z-polarized X-ray field (i) should enter the medium prior to the development of the 
ASE and (ii) should be sufficiently strong. 
The dependence of parameters of the amplified X-ray field on the delay of the seeding z-
polarized attosecond pulse train (S16) with respect to the time zero (the time, at which the popu-
lation inversion is created by a pump laser pulse), is illustrated by Figs. S2-S4. In all these fig-
ures we assume I0=1 TW/cm
2
 similarly to Fig. 2(b) of the paper. In Fig. S2 we plot the time de-
pendence of intensity of the seeding X-ray field for tpeak =0 fs, tpeak =20 fs, and tpeak =40 fs in pa-
nels (a), (b), and (c), respectively. The incident X-ray field in the case tpeak =10 fs is shown on an 
inset to Fig. 3 of the paper (but for the different repetition period of attosecond pulses).The pa-
rameters of the medium are the same as in Fig. 2 of the paper, that is, density of the resonant ions 
is 19 310ionN cm
 , density of free electrons is 15el ionN N , and the medium length is L=1 mm. 
In Fig. S3 we show the time dependences of populations of the relevant states of the ions, ρii , 
i=1,2,...,5, at the centre of the medium, x=L/2=0.5 mm, which correspond to the same values of 
delay: tpeak=0 fs (a), tpeak =20 fs (b), and tpeak =40 fs (c) as in Fig. S2 (the case tpeak =10 fs is illu-
strated by Fig. S5(b)). Finally, the time dependences of intensity of (i) the amplified z-polarized 
attosecond pulse train and (ii) the ASE of y-polarization at the output of the medium, x=L=1 mm, 
for different values of tpeak are shown in Fig. S4. Panels (a), (b), and (c) correspond to tpeak =0 fs, 
tpeak =20 fs, and tpeak =40 fs, respectively. The case tpeak =10 fs is presented in panel (b) of Fig. 2 
of the main text. As follows from these figures, the optimum value of delay of the incident X-ray 
field with respect to the moment of creation of population differences at the inverted transitions 
is tpeak =10 fs. For the larger values of delay, the y-polarized ASE starts to play the role, while for 
smaller delays of the seeding X-ray field the amplification is less efficient, since the effective 
duration of the incident X-ray field (at positive times) becomes comparable to the response time 
of the resonant polarization of the active medium (which is~ 1/γ21≈ 20 fs in the considered case). 
It is worth noting that, since y-polarized ASE has a stochastic nature, its properties (timing, peak 
intensity, and pulse shape) vary considerably (by several tens or hundreds of percent) from shot 
to shot, however, as long as the incident X-ray field is sufficiently strong and saturates the transi-
tions |1↔|2 and |1↔|3 before the development of y-polarized ASE, this variation has very 
limited effect on z-polarized amplified signal. 
In Fig. S5 we plot the time dependencies of populations of the relevant states, |1-|5, of the 
ions, for the same parameters of the medium and the incident X-ray field, as in Figs. S2-S4 and 
Fig. 2 of the paper. Panels (a), (b), and (c) correspond to the peak intensities of the incident atto-
second pulse train I0=0.1 TW/cm
2
, I0=1 TW/cm
2
, and I0=10 TW/cm
2
, respectively. The time de-
pendencies of populations are plotted for the center of the medium, x=L/2=0.5 mm, and corres-
pond to the optimal value of tpeak =10 fs. As follows from Fig. S5, with increasing intensity of the 
incident X-ray field, the energy transfer from the active medium into the amplified attosecond 
pulse train becomes more efficient. Particularly, it follows from the fact that the difference be-
tween the values ρ22, ρ33, and ρ44, ρ55 at τ→∞ grows with increasing I0. As a result, the absolute 
value of peak intensity of the amplified pulse train in the case I0=10 TW/cm
2
 is approximately 
3.3 times higher than in the case I0=1 TW/cm
2
, and approximately 20 times higher than in the 
case I0=1 TW/cm
2
, see Fig. 2 of the paper. 
Figs. S2-S5 and Fig. 2 of the paper were plotted for the value of modulation index pω=6.4, 
which corresponds to the gain coefficients for the spectral components of z-polarized X-ray field 
(high-order harmonics of different orders), shown in Fig. S1 (a). In Fig. S6 we address the case 
of much higher modulation index, pω=19.4, which provides a possibility to amplify larger num-
ber of harmonics at the cost of lower gain coefficients, see Fig. S1 (c). In Fig. S6 the thickness of 
the medium is the same as before, L=1 mm, but unlike Fig. 2 and Figs. S2-S5, the modulating 
2.1 μm IR field has higher intensity (IC=2.510
16
 W/cm
2
 instead of IC=2.710
15
W/cm
2
), while 
the incident X-ray field consists of 21 phase-aligned high-order harmonics of the modulating 
field (instead of 7 harmonics in Fig. 2 and Figs. S2-S5). The peak intensity of the seeding field is 
I0=1 TW/cm
2
 and the delay of the peak of its envelope from the time zero is tpeak =10 fs. As fol-
lows from comparison of Fig. S6 with Fig. 2(b), the increase in modulation index allows to am-
plify shorter pulses but with lower gain, in full agreement with Fig. S1. 
In Figs. S7-S9 we consider the possibility to isolate a single attosecond pulse in optically 
deep active medium of an X-ray laser. All the parameters are the same as in Fig. 3 of the paper: 
the wavelength and intensity of the modulating field are C=801.53 nm and IC=1.910
16
 W/cm
2
, 
respectively, the incident X-ray field consists of a set of 7 in-phase harmonics of the modulating 
field (of orders 231 to 243) with peak intensity I0=10 TW/cm
2
 under the Gaussian envelope with 
the duration t1/2=35 fs and the delay of its peak from the time zero tpeak =10 fs; the length of the 
active medium is L=7 mm. In Fig. S7 we show the evolution of time dependences of both the z-
polarized amplified attosecond pulse train (a), and the y-polarized ASE (b) during their propaga-
tion through the medium. The time dependencies are plotted for the entrance to the medium, x=0, 
and for different propagation distances: x = 1 mm, 2 mm,..., including the exit from the medium, 
x = 7 mm. The results for x=1 mm are nearly the same as in Fig. 2 (c) of the paper. However, 
with increasing propagation distance the amplified attosecond pulse train is intensified, resulting 
in faster depletion of the population differences at the resonant transitions of the ions, |2↔ |1 
and |3↔ |1, see Fig. S8 and Fig. S9. As a result, the gain of the active medium is temporally 
confined to a short time-interval near τ=0, which is reduced with increasing propagation dis-
tance. Already at the center of the medium, x=3.5 mm, this interval becomes shorter than 5 fs, 
allowing for amplification of only a few pulses from the front edge of the incident attosecond 
pulse train. Yet, the active medium has a finite response time to the resonant X-ray field. Since 
the medium is optically deep, 2
0 ( ) 22.7totalg J p L  , its response time is considerably shorter than 
the lifetimes of quantum coherencies at the resonant transitions, 1/γ21= 1/γ31≈20 fs. Nevertheless, 
few femtoseconds are needed for the gain of the active medium to build-up. Therefore, till the 
population differences are nearly constant, each consequent attosecond pulse from the incident 
pulse train is amplified stronger than its predecessor. For this reason, at x = 7 mm the third atto-
second pulse from the train is amplified much more efficiently than the first two pulses and dep-
letes the population differences at the resonant transitions, preventing the amplification of the 
next pulses. As a result, a large part of the energy, initially kept in the population difference of 
the active medium, is transferred into a single attosecond pulse with duration 130 as, which is 
amplified up to peak intensity Imax = 261×I0 ≈2.610
15
 W/cm
2
. 
 
 
 
 
 
FIG. S1. The gain coefficients for the spectral components of the incident X-ray field (high-order 
harmonics of different orders) (S9) for the different values of modulation index: pω=6.4 (a), 
pω=10 (b), and pω=19.4 (c). With increasing value of the modulation index the total number of 
amplified spectral components grows at the cost of (i) reduced magnitude of the gain coefficients 
and (ii) less uniform amplification. 
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(c) (b) (a) 
FIG. S2. Time dependence of intensity of the incident X-ray field (S16) for different values of 
delay of the peak of its envelope from the time zero: tpeak =0 fs (a), 20 fs (b), and 40 fs (c). Red 
solid curve corresponds to z-polarization, blue dashed curve shows y-polarization (which is zero 
at the entrance to the medium). The intensity is normalized to its peak value. 
 
 
 
 
FIG. S3. Time dependencies of populations of the relevant states of the ions: ρ11 (black dash-
dotted curve), ρ22 (green solid curve), ρ33 (red dashed curve), ρ44 (yellow solid curve), and ρ55 
(blue dashed curve) at x=0.5 mm. The peak intensity of the incident attosecond pulse train (S16) 
is I0=1 TW/cm
2
. Panels (a), (b) and (c) correspond to tpeak =0 fs, 20 fs, and 40 fs, respectively. 
The time dependencies of ρ22 and ρ33, as well as of ρ44 and ρ55, in pairs almost coincide with each 
other. 
 
 
 
 
FIG. S4. Time dependence of intensity of the X-ray field at the output of 1 mm long active me-
dium of C
5+
 hydrogen-like X-ray laser. Red solid curve corresponds to the z-polarized amplified 
attosecond pulse train; blue dashed curve shows ASE of y-polarization. Panels (a), (b) and (c) 
correspond to different delays of the incident X-ray field (S16) with respect to the time zero: 
tpeak =0 fs (a), 20 fs (b), and 40 fs (c). The intensity is normalized to the peak intensity of the in-
cident X-ray field, I0. 
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FIG. S5. Time dependencies of populations of the relevant states of the ions: ρ11 (black dash-
dotted curve), ρ22 (green solid curve), ρ33 (red dashed curve), ρ44 (yellow solid curve), and ρ55 
(blue dashed curve) at x=0.5 mm. Delay of the incident X-ray field (S16) with respect to the time 
zero is tpeak =10 fs. Panels (a), (b), and (c) correspond to the different peak intensities of the inci-
dent X-ray field: I0=0.1 TW/cm
2
 (a), 1 TW/cm
2
 (b), and 10 TW/cm
2
 (c). The time dependencies 
of ρ22 and ρ33, as well as of ρ44 and ρ55, in pairs almost coincide with each other. 
 
 
 
FIG. S6. Time dependence of intensity of the z-polarized amplified attosecond pulse train (red 
solid curve) and of the y-polarized ASE (blue dashed curve) at the output of an active medium of 
C
5+
 hydrogen-like X-ray laser. The incident X-ray field consists of 21 in-phase harmonics of the 
modulating optical field with 2.1 μm wavelength. The parameters of the seeding pulse are 
tpeak =10 fs, I0=1 TW/cm
2
. The intensity of the modulating field is IC=2.510
16
 W/cm
2
. The 
length of active medium is L=1 mm, the density of C
5+
 ions is Nion=10
19
 cm
-3
. Panels (a) and (b) 
show the same time dependence with different time-scale. The intensity is normalized to the 
peak intensity of the incident X-ray field, I0. 
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FIG. S7. Time dependencies of intensity of the amplified attosecond pulse train of z-polarization, 
panel (a), and of the ASE of y-polarization, panel (b), plotted for different lengths of the active 
medium of C
5+
 hydrogen-like X-ray laser (L=1 mm, 2 mm, 3 mm, 4 mm, 5 mm, 6 mm, and 7 
mm). The color is gradually changed from blue to red in panel (a) and from magenta to green in 
panel (b) for better visibility. The intensities of both polarization components are normalized to 
the peak intensity of the incident X-ray field, I0. 
 
 
 
 
FIG. S8. Time dependencies of the population differences between the excited states |2, |3, and 
the ground state |1, panel (a), as well as the time dependencies the population differences be-
tween the excited states |4, |5, and the state |1, panel (b), plotted for different lengths (L=1 mm, 
3 mm, 5 mm, and 7 mm) of the active medium of C
5+
 hydrogen-like X-ray laser. The color is 
gradually changed from blue to red in panel (a) and from magenta to green in panel (b) for better 
visibility. The curves, which correspond to L=1 mm and L=5 mm, are plotted by dashed and 
dash-dotted lines, respectively. The curves corresponding to L=3 mm and L=7 mm are plotted by 
solid lines. 
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FIG. S9. Time dependencies of populations of the relevant states of the ions: ρ11 (black dash-
dotted curve), ρ22 (green solid curve), ρ33 (red dashed curve), ρ44 (yellow solid curve), and ρ55 
(blue dashed curve) for tpeak = 10 fs, I0 = 10 TW/cm
2
, and L = 7mm. Panels (a), (b), and (c) cor-
respond to different points within the medium: entrance to the medium, x=0 (a), centre of the 
medium, x = L/2 =3.5 mm (b), and exit from the medium, x = L = 7 mm (c). 
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